We derive a general expression for the multipole expansion of the electromagnetic interaction in relativistic heavy-ion collisions, which can be em- 
I. INTRODUCTION
The Coulomb excitation of nuclei at relativistic energies is commonly calculated in firstorder perturbation theory, using the formalism developed in Ref. [1] . The derivation is restricted to distant collision, where the intrinsic radial coordinates are smaller than the minimum distance between the colliding nuclei. In calculations of the Coulomb dissociation of proton halo nuclei, it is of interest also to consider close collisions, since the density of the valence proton can extend to very large distances. Moreover, higher-order processes may also play a role, as suggested by the non-relativistic calculations of the 8 B breakup reported in Ref. [2] .
In order to calculate the Coulomb dissociation of halo nuclei at energies where relativistic and higher-order effects cannot be ignored, one would need realistic multipole form factors for the electro-magnetic interaction. Such form factors have recently been studied [3] but they were only determined in the long-wave-length limit for distant collisions. We therefore find it timely to study the multipole decomposition of the interaction at relativistic energies, both for close and distant collisions. The form factors we derive can be applied in higher-order dynamical calculations of two-body breakup reactions, such as the continuum discretized coupled-channels calculations [4] , or in numerical methods that evolve the two-body wave function in coordinate space [5] [6] [7] .
We base our study on the so-called Liénard-Wiechert potential and include the effect of the convection current. The magnetization current, on the other hand, is ignored for simplicity. We assume that the relative velocity of the interacting nuclei is a constant, so that the retardation effect associated with a time-dependent velocity can be ignored.
The multipole expansion of the interaction contains both diagonal and off-diagonal multipole components. The off-diagonal components appear because of the Lorentz contraction.
Our approach is similar to the method developed by Baltz et al. [8] in their study of the e + e − pair production in relativistic heavy-ion collisions. We extend their study and derive the multipole fields that are relevant to Coulomb excitation.
The multipole expansion of the Liénard-Wiechert potential is presented in Sect. II. There we also discuss how to calculate the interaction associated with the convection current.
We propose in Sect. III a simple truncation in the the sum over off-diagonal multipole components. We test this approximation in Sect. IV in first-order perturbation theory for distant collisions by comparing to the exact results of Ref. [1] . Sect. V contains our conclusions.
II. ELECTRO-MAGNETIC INTERACTION WITH FAST CHARGED PARTICLE
The electro-magnetic interaction of a fast charged particle (with atomic number Z 1 ) and a weakly bound proton in a target nucleus has the form [1]
(1)
The charged particle is assumed to move with constant velocity v in the z-direction on the straight-line trajectory r ′ = b + vt, with impact parameter b with respect to the target nucleus. The coordinates of the proton in the target nucleus are denoted by r, andp is the conjugate momentum operator. The potential φ is the Liénard-Wiechert potential
where γ = 1/ √ 1 − β 2 , and β = v/c. The second part of the interaction (1), which contains the momentum operatorp, is due to the convection current. We ignore the magnetization current but it could be included by replacing the momentum operator byp +h∇ × µ p , where µ p is the magnetic moment of the proton.
In the two-body breakup of a target nucleus, into a proton and a core nucleus, one would actually have to consider the effect of two interactions with the projectile, namely, the 'direct' interaction with the proton and the 'recoil' interaction with the core. We will not discuss this complication here, since the multipole expansion of the two interactions can easily be generated from the formulation given below.
A. Multipole expansion
The multipole expansion of the Liénard-Wiechert potential φ can be obtained from the
Except for the last factor, this is just the ordinary Coulomb potential. To proceed, we introduce the multipole expansion of the last term in Eq. (3)
where
and
are Legendre polynomials of the second kind; cf. Eq. 8.825 of Ref. [9] or Eq. (8.8.3) of Ref.
[10]. Explicit expressions and recursion relations for Q λ (z) are given in Ref. [10] .
We can now insert the plane wave expansion
for the two plane waves in Eq. (3) and obtain
The above expressions were derived for a trajectory with constant velocity in the zdirection. The matrix (5b) is therefore diagonal in m. Let us also give a more general result which does not refer to any specific coordinate system. This can be done by noticing that the angle θ q in Eq. (5b) is actually the angle between q and the velocity v. Thus by inserting
where the last two Clebsch-Gordan coefficients is the matrix element Y l ′ m ′ |D λ µ0 |Y lm . We note that the expansion (5) contains The radial dependence of the diagonal components is determined by (see Eq. (A.5))
where r < = min(r, r ′ ) and r > = max(r, r ′ ). This is identical to the dependence one has in the non-relativistic limit. In fact, the well-known multipole expansion of the Coulomb interaction is recovered from Eq. (5), when we insert the non-relativistic limit of Eq. (5b),
The off-diagonal multipole contributions to φ are more complicated. The radial form factors have the symmetry property
According to Eq. (5b), we only need expressions for even values of |l − l ′ |. We show in App.
A that
The explicit, non-zero expressions can be obtained from Eq. (A.4). For Λ = 2 we obtain in particular (see Eq. (A.5))
One can exploit the properties (7a) and (7b) and write expressions for φ that are valid for distant and close collisions, respectively. Thus we obtain for distant collisions (r < r ′ )
For close collisions (r > r ′ ) we can use the expression
The sum over Λ is finite for close collisions, since l − Λ must be non-negative. This is a very nice feature, which makes it feasible to include all terms. For distant collisions, on the other hand, one would have to make a truncation in the sum over Λ.
B. Convection current interaction
The contribution to the interaction (1) that originates from the convection current is
The operator v · ∇ is effectively of dipole nature, as shown in App. B. In practical numerical calculations it will operate on an expression of the form
we then obtain
We can also give an explicit expression for the term c −1 v · (∇φ), which appears in second version of Eq. (10) . Assuming that v points in the z-direction, we obtain from Eq. (3)
.
We can now repeat the derivation that lead to Eq. (5) and obtain
The last expression is similar to Eq. (5b) but the sum is now over odd values of λ. The dependence on the radial coordinates can be derived from Eqs. (A.7-8). We note that matrix elements of φ ′ can be calculated in a much simpler way in first-order perturbation theory, as we shall see in Sect. IV.
III. SIGNIFICANCE OF RELATIVISTIC CORRECTIONS
In order to illustrate the significance of relativistic corrections at intermediate energies,
we show in Fig. 1 the functions g λ (β) defined in Eq. (4b). They are seen to decrease rapidly as function of λ when (v/c) 2 < 0.5. This suggests that one would only need a few terms in the sum over Λ in Eq. (9a).
In the next section we determine the range of velocities where a truncation to Λ = 0, 2 is reasonable for distant collision. Thus we will apply the approximation
We assume a straight line trajectory with constant velocity in the z-direction and calculate the Coulomb excitation in first-order perturbation theory. We can then test the accuracy of the truncation, Eq. (13), by comparing to the exact results from Ref. [1] .
IV. TEST IN FIRST-ORDER PERTURBATION THEORY
In first-order perturbation theory for distant collisions one needs the Fourier integral of the multipole fields,
wherehω is the excitation energy and S lm (ω) are the so-called orbital integrals,
For non-relativistic Coulomb excitation and a straight-line trajectory, these integrals are [1]
Below we derive the orbital integrals for the truncated interaction (13).
A. Liénard-Wiechert potential
The Fourier transform (14a) of the multipole field (13) can be expressed in terms of various combinations of the non-relativistic orbital integrals (15). This is obvious for the first term in (13), and the second term is calculated in App. C. A slight complication is the very last term in Eq. (13) which contains the factor (r/r ′ ) 2 . It turns out to be a factor of (ωr/v) 2 smaller than the dominant term so let us ignore it. Thus we obtain
The latter integral is given in Eq. (C.5).
B. Convection current interaction
We also need to calculate the contribution from the convection current, Eq. (10). Here we can again make the substitution (B.1). Assuming that the single-particle potential commutes with r we can go a step further and replace the momentum operator by
H is the single-particle Hamiltonian. Thus we obtain
We note that in first-order perturbation theory one can effectively replace the commutator [H, zφ] byhωzφ. The other term, φHz − zHφ, has to be considered more carefully.
Let us write the multipole expansion of φ ′ as in Eq. (14a),
Since z in Eq. (17) is a dipole operator, we see that φ ′ lm can receive contributions from both φ l−1,m and φ l+1,m . The contribution from the latter is smaller (by a factor of (ωr/v)
2 ) so let us ignore it. Let us first consider the contribution from the commutator [H, zφ] . This leads to the expression
For the dipole field we see that the second term in Eq. (17), namely φ 00 Hz − zHφ 00 , is identical to the first term because φ 00 commutes with the Hamiltonian H. Thus we obtain
For the quadrupole field we can neglect the second term of Eq. (17) It is identical to zero when we insert φ 10 , whereas inserting φ 11 leads to a magnetic type transition (∝ (l x + il y )).
Thus we will use the approximation
C. Comparison to exact results
In order to illustrate the orbital integrals we obtain from the approximation (13), it is useful to plot the reduced values
The results we obtain for dipole and quadrupole excitations are shown by the solid symbols in Figs. 2 and 3 , respectively, as functions of the adiabaticity parameter ξ = ωb/v. Here we have chosen the beam velocity v/c = 0.6
The full relativistic expression for electric transitions [1] , which also includes a contribution from the convection current, is
where G lm can be extracted from [1] , If we choose a larger velocity, say v/c = 0.8, some discrepancy starts to occur, so it will be necessary to include higher values of Λ in the sum (9a).
V. CONCLUSION
The multipole expansion of the electro-magnetic interaction in relativistic heavy-ion collisions that we have presented is exact for a straight-line trajectory with constant velocity.
It has not previously, as far as we know, been used in calculations of the Coulomb excitation. The formulation is, in particular, applicable to reactions where close collisions play a role, and it is also well suited for calculations of higher-order processes in the Coulomb dissociation of halo nuclei at intermediate energies.
The multipole expansion contains diagonal as well as off-diagonal components, associated with the intrinsic coordinates and the coordinates for the relative motion of the colliding nuclei. The off-diagonal multipole components are caused by relativistic effects, essentially by the Lorentz contraction of the Coulomb field; only the diagonal components survive in the non-relativistic limit.
The number of off-diagonal multipole components is finite for close collisions but it is, in principle, infinite for distant collisions. However, it is sufficient to include just a few off- 
VI. APPENDICES A. Bessel function integrals
Here we study the integral in Eq. (5a)
where µ = l + 1/2 and 2m is an even number, according to parity selection of Eq. (5b).
This integral is given in many textbooks but we shall mainly refer to Abramowitz [10] . We note that it has the symmetry
so it is sufficient to determine (A.1) for all values of a and b.
Let us first assume that a < b. From Eq. 11.4.34 of Ref. [10] we obtain (with ν = µ + 2m
and λ = 1)
The hypergeometric function in Eq. (A.3) is a polynomial of degree m, which can be obtained directly for the series Eq. 15.1.1 of Ref. [10] . Inserting into that expression the Pochhammer's symbols (see Eq. (6.1.22) of Ref. [10] ) we obtain
For m = 0, 1 and 2 we obtain in particular
Using the symmetry property (A.2) we see that I µ,µ is consistent with Eq. (6).
When a > b and m is non-zero we find that
This result follows from Eq. 11.4.33 of Ref. [10] because that expression will contain the factor 1/Γ(−m + 1) which is zero for m = 1, 2, 3, ...
The functions P l,l ′ (r, r ′ ) defined in Eq. (12a) can be obtained from the relation
This expression follows directly from the definitions in Eqs. (5a) and (12a) and the recursion relation for spherical Bessel functions, zj l−1 (z) + zj l+1 (z) = (2l + 1)j l (z). For l ′ = l + 1 we find explicitly (c.f. Eq. 6.575 of Ref. [9] )
while it is zero when r > r ′ . The radial dependence can now in general be derived from the recursion relation (A.7).
B. Current operator
Here we derive an expression for the operator v · ∇, which appears in the contribution from the convection current. It can be expressed in terms of a commutator with the Laplace operator ∆ as follows
Here we can insert
and express the Laplace operator in spherical coordinates
whereL is the angular momentum operator. Thus we obtain
Here we derive an expression for the integral
which appears in Eq (16). This integral can be calculated in a simple way by observing that
where (use Eq. (14) 
